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VON NEUMANN ALGEBRAS OF EQUIVALENCE RELATIONS WITH 
NONTRIVIAL ONE-COHOMOLOGY 


DANIEL J. HOFF 

Abstract. Using Popa’s deformation/rigidity theory, we investigate prime decompositions 
of von Neumann algebras of the form L(TZ) for countable probability measure preserving 
equivalence relations TZ. We show that L{TZ) is prime whenever TZ is nonamenable, ergodic, 
and admits an unbounded 1-cocycle into a mixing orthogonal representation weakly contained 
in the regular representation. This is accomplished by constructing the Gaussian extension 
TZ of TZ and subsequently an s-malleable deformation of the inclusion L{TZ) C L{' 1 Z). We go 
on to note a general obstruction to unique prime factorization, and avoiding it, we prove a 
unique prime factorization result for products of the form L{TZ\) ® L{TZ2) ® ■ ■ •01/(72.*,). As a 
corollary, we get a unique factorization result in the equivalence relation setting for products 
of the form TZi x TZ2 x • • • x TZk ■ We Hnish with an application to the measure equivalence 
of groups. 


1. Introduction 

1.1. Background and statement of results. A natural question in the classification of 
von Neumann algebras asks how a tracial von Neumann algebra can be written as the tensor 
product of subalgebras. A tracial von Neumann algebra M is called prime if whenever M = 
A (8) Q for subalgebras N,Q <Z M, either A or Q is of type I. For IIi factors M, this amounts 
to forcing either A or Q to be finite dimensional. A IIi factor is called solid if the relative 
commutant of any diffuse subalgebra is amenable. All non-amenable subfactors of a solid IIi 
factor are prime. 

In [PSM], Popa proved primeness for certain IIi factors with non-separable preduals, in¬ 
cluding the group von Neumann algebra of the free group on uncountably many generators. 
Then in |Ge96] . using free probability theory, Ge showed that the free group factors L(F„) 
are prime as well. In [Oz03| . Ozawa used C'*-algebraic methods to prove that L(r) is in fact 
solid for all icc hyperbolic groups F, recovering the primeness of L(F„) as a special case. By 
developing a new technique of closable derivations, Peterson showed in [Pef)6| that L(r) is 
prime for nonamenable icc groups which admit an unbounded 1-cocycle into a multiple of the 
left regular representation. Popa then used his powerful deformation/rigidity theory to give 
a new proof of solidity for L(F„), [PoObb] . Using Sinclair’s malleable deformation of L(r) 
arising from an unbounded 1-cocycle [SilOj . Vaes showed in [Vair)| that deformation/rigidity 
theory could also be used to recover Peterson’s result. In this paper, we construct an analo¬ 
gous deformation of L(JZ) and use Popa’s theory to prove the following analogue of Peterson’s 
primeness result in the setting of countable pmp equivalence relations: 

Theorem A. Let TZ be a countable pmp equivalence relation with no amenable direct summand 
which admits an unbounded 1-cocycle into a mixing orthogonal representation weakly contained 
in the regular representation. Then L{TZ) ^ N for any type II von Neumann algebras A 
and Q and hence TZ ^TZiX TZ 2 for any pmp TZi which have a.e. equivalence class infinite. In 
particular, if TZ is ergodic then L(TZ) is prime. 

This material is based upon work supported by the National Science Foundation Graduate Research Fel¬ 
lowship Program under Grant No. DGE-1144086. 
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For additional primeness results, we refer the reader to |Oz04l IPoOGal ICI081ICH081 IBoul2l 
IDTI^ . For a III factor which is not prime, it is natural to ask if it can be written uniquely as the 
tensor product of prime subfactors. Of course, if M = Pi® P 2 for prime IIi factors Pi and P 2 , 
then any u E hl{Pi ® P 2 ) gives M = uPiu* ® UP 2 U* as a prime factorization of M. Moreover, 
for any IIi factors N, Q and t > 0, there is a natural identification N ®Q = where 

N*' denotes the amplification of by t (see Section EH). Hence prime factorization results 
are considered up to such amplification as well as up to unitary conjugacy. 

In fact, as first proved by Ozawa and Popa in [OP03] and subsequently in |Pe06l ICSlll 
ISWlll IIsl41 ICKP141IHI15] , the techniques used to prove primeness can often be used to prove 
unique prime factorization results. However, we find that in the setting of L(TZ), the presence 
of the Cartan subalgebra L°°{X) C L{TZ) can present additional obstacles to passing from 
a primeness result to a unique prime factorization result. These obstacles do not appear to 
have been encountered before; to best of our knowledge this paper gives the first unique prime 
factorization result for factors of the form L{TZ) (or L°°{X) xi A) that do not arise also as 
L(r) for some countable group F. 

The root of the difficulties in the setting of L{TZ) lies in the fact that our s-malleable 
deformation of L{TZ) does not deform the Cartan subalgebra L°°{X). As an example, take 
any free ergodic action of a nonabelian free group F„ on a standard probability space {X,fi). 
Then the orbit equivalence relation TZ = 7?.(F„ r\ X) will satisfy the assumptions of Theorem 
s so that P = L{TZ) is prime. But if we now assume that the action of F„ is not strongly 
ergodic, then P will have property Gammc0 and the following theorem shows that P ®P 
admits two prime factorizations which are distinct up to unitary conjugacy and amplification: 

Theorem B. Let Mi and M 2 he || • \\ 2 -separahle Hi factors with property Gamma and set 
M = Ml® M 2 . Then there is an approximately inner automorphism 4> E Inn{M) such that 
(f{Mi) 7 ^ Mj for any i,j E {1,2}. 

In particular, this implies that there is no t > 0, i,j E {1,2} such that 4>{Mi) is unitarily 
conjugate to Mj in M. To avoid this obstruction, when considering unique factorization we 
will restrict to the case of strongly ergodic TZ and use Popa’s deformation rigidity theory to 
prove the following: 

Proposition C. Let TZ he a strongly ergodic countable pmp equivalence relation which is 
nonamenable and admits an unbounded 1-cocycle into a mixing orthogonal representation 
weakly contained in the regular representation. Then L(TZ) is prime and does not have property 
Gamma. 

Still, the presence of L°°{X) C L{TZ) presents additional difficulty in applying the tech¬ 
niques developed in |OP03| . Nevertheless, we are able to prove the following: 

Theorem D. For i E {1, 2,... , k}, let TZi be a nonamenable strongly ergodic countable pmp 
equivalence relation which admits an unbounded 1-cocycle into a mixing orthogonal represen¬ 
tation weakly contained in the regular representation. Then for each i, L(TZi) is prime and 
does not have property Gamma, and 

(1). If M = L{TZi) ® L{TZ 2 ) ® ... ® L(TZk) = N ®Q for tracial factors N, Q, there must 
be a partition I^r U Jg = {1,... , /c} and t > 0 such that L{TZi) and = 

®i^iQ T{TZi) modulo unitary conjugacy in M. 

III factor M has property Gamma if there exists a sequence of unitaries {wn} C M with t{u„) — 0 for 
all n and ||Mn 2 : — xUn \\2 —^ 0 for each x G M. 
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(2) . If M = L(7^i) ® L{IZ 2 ) ® ® L{IZk) = -Pi ® -P 2 ® ® -Pm for IIi factors Pi,..., P^ 

and m > k, then m = k, each Pi is prime, and there are ti,... ,tk > 0 with tit 2 ■ ■ - tk = 1 
such that after reordering indices and conjugating by a unitary in M we have L{Tli) = P/* 
for all i. 

(3) . In (2), the assumption m> k can be omitted if each Pi is assumed to be prime. 

As an application, we prove the following corollary: 

Corollary E. Let IZi,IZ 2 -, ■ ■ ■ ■, P-fc be as in Theorem , [Pl 

(1) . Ifni X IZ 2 X • • • X IZk — Si X S 2 for infinite pmp equivalence relations Si and S 2 , 
then there is t > 0 and an integer 1 < m < k such that after reordering the indices we have 
S'J = Pi X P 2 X • • • X and S^^ = IZm+l X IZm+2 X • • • X Pfc. 

(2) . If III X 1^2 X * * * X — *^i X S 2 X • • • X S^fi for 7,nfinzte pmp equivalence relations 
Si, S 2 , • • •, Sm and m > k, then m = k and there are ti,... ,tk > 0 with tit 2 ■ ■ - t^ = 1 such 
that after reordering indices we have IZi = S\^ for all i. 

Note that in Theorem iDl we assume that each P* is strongly ergodic, but that the obstruc¬ 
tion in Theorem [B] only applies when multiple factors have property Gamma. We leave open 
the case of exactly one factor with Gamma. 

We conclude with an application to the measure equivalence of countable groups. In [Ga02], 
Gaboriau showed that measure equivalent groups have proportional Betti numbers. It 
follows that a countable group with positive first Betti number cannot be measure equivalent 
to a product of infinite groups. The following theorem augments this conclusion: 

Theorem F. Let T be a countable nonamenable group which admits an unbounded 1-cocycle 
into a mixing orthogonal representation weakly contained in the left regular representation. 
Then T ^ Ti x r 2 for any infinite groups Ti , r 2 . 

1.2. Organization and strategy. Following the introduction, we establish the necessary 
preliminaries in Section [2j In Section [3] we review how an s-malleable deformation can be 
used to prove primeness, condensing this strategy as Theorem 13.21 Section 0] then constructs 
such a deformation of LilZ) by considering the Gaussian extension P of P, and Section [5] 
combines this construction with Theorem 13.21 to prove primeness for L{IZ), Theorem lAl 

In Section [6l we go on to apply this strategy in the more general context of prime factor¬ 
ization. We hrst prove the obstruction in Theorem m then condense the general strategy as 
Theorem 16.41 Proving Proposition O allows us to apply this strategy to prove Theorem |D] 
and subsequently Gorollary |El The paper concludes in Section [7] with the application to the 
measure equivalence of groups. Theorem [Fj 
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2. Preliminaries 

Throughout, M, N, P and Q will denote tracial von Neumann algebras, which we will always 
take to be || • || 2 -separable. We will let r denote the trace on each where there is no danger of 
confusion, and the unit ball of (say) M will be written as {M)i. The group of unitary operators 
in M will be denoted U{M), and if C M, then A/m(-^) = {u G U{M) : uNu* = A^} 
will denote the normalizer of N in M. We will write cat G B{L‘^{M)) for the orthogonal 
projection onto L‘^{N), and : M ^ N will denote the resulting faithful normal conditional 
expectation onto N. 

2.1. Measured Equivalence Relations. We review here the foundations of the study of 
measured equivalence relations as established by Feldman and Moore in [FM75a] . Through¬ 
out, let {X, fj,) denote a standard probability space. A measured equivalence relation on {X, fj,) 
is an equivalence relation 77 on A such that 77 C A x A is measurable in the product space. 
For X G A, let [x\n denote the 77-equivalence class of x. 77 is called countable if {x\n is 
countable (or finite) for a.e. x G A. 

We denote by [77] the full group of 77, that is, [77] = {(j) G Aut(A) : graph((^) C 77} 
where we write Aut(A) for the group of bimeasurable bijections on A. 77 is probability 
measure preserving (pmp) if o (^ = /r for all G [77]. A pmp 77 is ergodic if fJ-{E) G 
{0,1} for any measurable E C X satisfying fi{E \ (j){E)) = 0 for all 4> G [77], and strongly 
ergodic if /i(77n)(l — l^-iEn)) 0 for any sequence of measurable subsets En C A satisfying 
n{En \ 4>{En)) —)• 0 for each 0 G [77]. 

Given a positive measure subset 77 C A, we denote by 77|s the measured equivalence 
relation on the probability space {E,fi/fa{E)) given by 77|£; = 77 n (77 x 77). Measured 
equivalence relations 77i on {Xi,fii) and 772 on (A 2 ,/i 2 ) are isomorphic, written 77i = 772, if 
there are full measure subsets 77i C Ai, E 2 G X 2 which admit a measure space isomorphism 
4) : {Ei,p.i\ei) (E 2 ,^ 2 |e 2 ) such that 

(x,?/) G 77i|iji ((/>(x),(/>(y)) G 772 |ii;2- 

Henceforth, 77 will always denote a countable pmp equivalence relation on a standard 
probability space (A, /r) . We endow 77 with a measure m given by 

m{E) = / \{y G [x\ti : {x,y) G E}\dp,{x) for all measurable 77 C 77 

Jx 

2.2. Equivalence Relation von Neumann Algebras. To such an equivalence relation 
77, we associate a von Neumann algebra T(77), first constructed and studied by Feldman 
and Moore in [FM75b| . Each g G [77] gives rise to a unitary Ug G lA{L?‘{JZ,m)) defined by 
[ugf]{x,y) = f{g~^x,y). Similarly, each a G A = L°°(A) is identified with an operator in 
H(L^(77, m)) by [af]{x,y) = a{x)f{x,y). The von Neumann algebra T(77) of the equivalence 
relation 77 is defined to be 

L(77) = {L°°{X),{ug : g G [77]}}" C B{L\n,m)) 

L(77) has a faithful normal trace given by t(x) = (xl^). Id), where Id G L^(77, m) is the 
characteristic function of the diagonal D = {(x,x) : x G A}. We note that Lf{L{JZ),T) = 
L^(77, m) as T(77) modules and we will identify these Hilbert spaces henceforth. 

If 77 is ergodic then LiJZ) is a factor, and if 77 is strongly ergodic then any sequence 
{on} C (A)i with WonUg — Ugan \\2 ”^ 0 for each g G [77] must have ||a„, — T(a „)||2 —>■ 0. 

Note that L°°(77, m) acts on L^(77, m) by pointwise multiplication and that L°°(77, m) is 
normalized by each unitary Ug with g G [77]. Recall that 77 is called amenable if there is a state 

on m) with ^{ugfu*g) = <h(/) for all / G L°°(77), g G [77] and such that <h|Aoo(x) = t. 
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One can show that L{TZ) is an amenable von Neumann algebra if and only if TZ is amenable. 
We say TZ has an amenable direct summand if there is a measurable subset Y <Z X such that 
/i(y) > 0 , TZ\y is amenable, and TZ = TZ\y U TZ\y<=- In this case, L(TZ) = L{TZ\y) 0 L{TZ\y<^) 
has an amenable direct summand as well. 

Let Z^{TZ,S^) denote the group of 5^-valued multiplicative 1-cocycles on TZ, that is, the 
group of measurable maps c :TZ ^ such that for /i-a.e. x G X, 


c{x,y)c{y,z) = c{x,z) for all (x,?/), ( 2 /,z) G 7^, (2.1) 

identifying cocycles that agree m-a.e. Given c G Z^{TZ,S^) and g G [7^], let fc,g G IA{L°°{X)) 
be given by fc,g{x) = c{x,g~^x). Then using ()2.ipi one can check that the formula 

i>ciaug) = fc,gaug for a G G [7^] (2.2) 


gives rise to a well defined ^-isomorphism i/’c G Aut(L(7?.)). Note that i/'ci ° '4’c2 = V’cic 2 ) so 
ce^ il^c defines an action i/; : Z^{TZ, S^) —)• Aut(L(7?.)). 


2.3. Representations of Eqnivalence Relations. In analogy to group representations on 
Hilbert spaces, pmp equivalence relations on X are represented on measurable Hilbert bundles 
with base X. For an excellent detailed account of measurable Hilbert bundles, we refer the 
reader to p69]. We recall here a few of the necessary facts. 

Given a collection of Hilbert spaces {'Hx}xex, we form the Hilbert bundle X *71 as the set 
of pairs X *71 = {{x, ^a,) : x G A, ^ 3 , G Tlx}- A section ^ of A * is a map x i-A ^(x) G Tlx- 
A measurable Hilbert bundle is a Hilbert bundle X *H endowed with a fi-algebra gener¬ 
ated by the maps {(x,^ 3 ,) i-A (Ca;,Cn(aj))}^i for a, fundamental sequence of sections {Cn}^i 
satisfying 

(i) Hx = span{^„(x)}))T;^ for each x G A, and 
(m) the maps {x i-A ||^„(x)||}^i are measurable. 

It is a useful fact that the cr-algebra of any measurable Hilbert bundle can be generated by 
an orthonormal fundamental sequence of sections, i.e. sections which moreover satisfy 

{in) {^n(aj)}5)0;^ is an orthonormal basis of Hx for x G A with dimT^^, = 00 , and if dimT^^, < 
00 , the sequence is an orthonormal basis and ^n{x) = 0 for n > dim "Ha,. 


A measurable section of A^T^ is a section f such that x i-A (x, (x)) G A *H is a measurable 
map, or equivalently, such that the maps {x i-A (^(a;),^n(3;))}^i are measurable for the 
fundamental sequence of sections We let S{X * H) denote the vector space of 

measurable sections, identifying g-a.e. equal sections. We then consider the direct integral 

[ HxdpL{x) = {C G *S'(A *H) : [ ||^(x)||^d/i(x) < 00 } 

Jx Jx 

which is a Hilbert space with inner product {(,,g) = j^{f{x),g{x))dg,{x). If a G A = L°°{X) 
and ^ G HxdiJ,{x) we denote by af, or the element of Jx Td.xdiJ,{x) given by [aC](2^) = 
[^a](x) = ^(x)a(x). If is an orthonormal fundamental sequence of sections, any 

I G /® Hxdn{x) has an expansion ^ where a„ = (?(•)> ^n(-)) ^ 

A unitary (resp. orthogonal) representation of 7^ on a complex (real) measurable Hilbert 
bundle X *H is a map (x,y) i-A 7r(x,y) G U{Hy,Hx^ on TZ such that for /r-a.e. x G A, we 
have 

TT{x,y)7:{y,z) = 7r{x,z) for all {x,y), {y, z) £ TZ, 

^For complex (resp. real) Hilbert spaces HjlC, we write hl{'H,]C) for the set of unitary (orthogonal) maps 
from H onto 1C 









6 


DANIEL J. HOFF 


and such that {x,y) i-A {Tr{x,y)^{y),r]{x)) is a measurable map on TZ for all ^,r] G S{X * 'H). 

Given a measurable Hilbert bundle X *% with an orthonormal fundamental sequence of 
sections S = we can always form the identity representation ids of TZ on X*'H, where 

ids(x, y) is determined by the formula ids{x,y)^n{y) = Cn{x) for each {x,y) gTZ, G S. 

To define the regular representation of TZ, take Tix = for each x G X, and form 

the measurable Hilbert bundle X *T-L with fundamental sequence of sections where 

ig{x) = and r is a countable subgroup of [7^] which generates TZ (which exists by 

|FM75a] . Thm. 1). The regular representation of TZ is then the representation \ on X *71 
given by X{x, y) = id for all (a:, y) G TZ. 

Given representations tt on X * Ti and p on X * JC, we say that tt and p are unitarily 
equivalent if there is a family of unitaries {Ux G lA{J-Lx,7Cx)}xex with 

Uxx{x, y) = p{x, y)Uy for all (x, y) G TZ, 

and such that x i-A Ux^{x) is in 5(X * /C) for each ^ G S{X *'H). We say that vr is weakly 
contained in p, written vr -< p, if for any e > 0, E S{X * Ti), and E C TZ with m{E) < oo, 
there exists {pi,..., pm} C S{X * 1C) with 

m 

m{{{x,y) G E : \{TT{x,y)^{y),^{x)) - ,y)m{y),m{x))\ > e}) < e 

i=\ 

A representation vr on X * is called mixing (cf. [KTT4] . Def. 4.4) if for every e, 5 > 0 and 
i,p G S{X *'H) with ||^(x)|| = ||??(x)|| = 1 a.e., there is E C X with p,{X \ E) < 6 such that 

\{y e [x]n\E ■ \{'^ix,y)^{y),p{x))\ > e}| < oo for p-a.e. x G E 

A 1-cocycle for a representation vr on X * 77 is a map (x, y) i-a h{x, y) G Tlx on TZ such that 
for p-a.e. x € X, 

b{x,z) = b{x,y)+ TT{x,y)b{y,z) for all {x,y),{y,z) gTZ, (2.3) 

and such that (x,y) i-A (x,6(x,y)) E X * 77 is measurable. 

A 1-cocycle 6 is a coboundary if there is a measurable section ^ of X*77 such that b{x, y) = 
^{x) — 7r{x,y)^{y) for m-a.e. (x,y) E TZ, and a pair of 1-cocycles b and b' are cohomologous if 
6 — 6' is a coboundary. 

We dehne a 1-cocycle to be bounded if there exists a sequence of measurable subsets 
of X with /u(|J^i En) = 1 and sup{||6(x, y)|| : (x,y) E TZ\e„} < oo for each n > 1. With this 
definition, the analysis of Anantharaman-Delaroche [A-Dn3| gives the following equivalence: 

Lemma 2.1. A 1-cocycle b for a representation vr ofTZ on X *71 is a coboundary if and only 
if it is bounded. 

Proof. Suppose there is ^ E S{X * 77) such that b{x,y) = ^(x) — vr(x,y)^(y) for m-a.e. 

{x,y) G TZ. Then for n > 1 set En = {x G X ■. ||^(x)|| < n}. Then IJ^i ^ 

for (x,y) E 7^|£;„ we have ||6(x,y)|| < ||^(x)|| -7 ||7r(x, y)^(y)|| < 2n < oo. 

Conversely, consider a sequence of measurable subsets of X with /i(U^i En) = 1 

and sup{||6(x, y)|| : (x,y) E TZ\eJ\ < oo for each n > 1. Then by Lemma 3.21 of [A-Dr)3] . 
for each n we know that b restricted to TZ\e„ is a coboundary, i.e., there is E S{En * 77) 
with b{x,y) = Cn(a^) — '^{x,y)f,n{y) for m-a.e. (x,y) E TZ\e„- We can then extend to the 

77.-saturation En = Ua;eE„[^]7^ formula f,nix) = b{x,y) + x{x,y)f^n{y) for some y G En 

such that (x, y) G TZ. This definition does not depend on the choice of y; if 2 ; E En with 
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(x, z) G TZ, then 

[b{x, y) + 7r(x, y)in{y)\ - [Hx, z) + 7r(x, z)in{z)] = [b{x, y) - b{x, z)] + 7r(x, y)^n{y) - t^{x, z)in{z) 

= -7r(x, y)b{y, z) + 7r{x, y)Cn{y) - Tr{x, z)^niz) 

= 7r(x, y)[-b{y, z) + ^n{y) - 7r(y, z)^n{z)] 

= T^{z,y)P\ = 0 . 

Thus we have a sequence such that £ S{Fn * %), b{x, y) = ^nix) — vr(x, y)^n(y) 

for m-a.e. {x,y) € Now for x € F = U^i ^n, define 

^(x) = ^n^ix), where Ux = min{n > 1 : x G F„}, (2-4) 

and let ^(x) = 0 for x ^ F. Note that if {x,y) G TZ, then Ux = % since each set Fn is 
F-invariant. Thus 


Kx,y) = ^nAx) - T^{x,y)iny{y) = Ax) - T^{x,y)Ay) 

for {x,y) G TZ\f- Since /r(F) = 1, this is m-a.e. {x,y) G TZ. 

Finally, to see that ^ is measurable, note that ^(x) = ^n(a^) for all x G F„ \ Ufc=i 
which (along with F^ decompose X into measurable subsets on which the restriction of ^ is 
measurable. □ 


Thus a 1-cocycle that is not a coboundary must be unbounded (i.e. not bounded), for which 
we have another useful characterization. 


Lemma 2.2. A 1-cocycle b for a representation vr of TZ on X *'H is unbounded if and only if 
there is 5 > 0 such that for any R > 0 there is g & [TZ] with /i({x G X : ||6(x, ( 7 “^x)|| > R}) > 

5 . 


Proof. First, suppose there is <5 > 0 such that for any R > 0 there is 5 G [TZ] with /r({ || 6 (x, g ^x) || > 
R}) > 6. Then if b were bounded, there would be measurable E (Z X such that /i(F) > 1 — | 
and R = sup{|| 6 (x,y)|| : (x,y) G TZ[e} < 00 . But then there would be 5 G [TZ] such that 
F = {[[b{x,g~^x)[[ > R} has y{F) > 5. Noting that g~^{E (1 F) C we then would have 


AE UE)= y{E) + /r(F) - y{E n F) > /i(F) + y{E) - y{EA = 2^(F) + y{E) - 1 


> 2 (l--) + 5-l = l, 
which is impossible. 

Conversely suppose that b is unbounded. By Feldman and Moore |FM75a] . TZ = TZ(T rv X) 
for a pmp action of a countable group F. Moreover, F can be chosen such that (x, y) G 77 if 
and only if y = hx for some h G F with /i^ = e. Since F is countable, enumerate the elements 
of F of order < 2 as 

For each n > 1, we recursively define a sequence of measurable subsets Let 


Af = {x Z X : [[b{x, hix)[[ > n} and given Af,..., A'^_.^^, define EJf = X \ Uj=i 


and 


Ak = {xeFjfn hkF^ : [[b{x,hkx)[[ > n] 


(2.5) 


Set A” = IJ^;^ A^. Note that 

||6(/ifcx,/i|x)|| = ||6(/ifcx,x)|| = 


- 7r(/ifcX, x)6(x, hj,x)]] = ||6(x, h^x)]] 
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from which it follows that = AA^ for every k. We can therefore define Qn G [7^] by the 

formula 


9nX = 



if X G 
if X ^ A^. 


( 2 . 6 ) 


Note that gn = ^ and ||6(x, ( 7 rix)|| > n for all x G A^. 

Now set En = X \ A”. For x G En = have ||6(x, hkx)\\ < n for all k such that 

X G hkF^. Hence 


n > sup{|| 6 (x, hfcx)|| : A; > 1, X G E^ H hkE^} 
> sup{|| 6 (x,hfcx)|| : A; > l,x G n /ifcS„} 
= sup{|| 6 (x, 2 /)|| : (x,y) G 7^|E„} 


Therefore setting 5 = 1 — must have > 0, since otherwise b would be 

bounded. For any i? > 0, taking some integer n > R we have 

aHWKx, 9n^x)\\ > R}) > fj,{{\\b{x,g~^x)\\ > n}) > n{A^) = 1 - g,{En) > 5. 


□ 

2.4. Orbit Equivalence Relations. Given a countable group F with a pmp action F rv 
the orbit equivalence relation TZ(T r\ X) is defined by 

(x, y) G 7^(F r\ X) y = gx for some 5 G F, 

and two group actions are orbit equivalent (OE) if and only if they have isomorphic orbit 
equivalence relations. 

In the case where TZ = TZ(T r\ X) for a fre^ pmp action of F, then L{TZ) = L°°{X) x F, and 
for this reason the algebra L{TZ) is sometimes called the generalized group-measure space von 
Neumann algebra. If F is an amenable group then 7^(F rA X) is amenable, and the converse 
holds if the action is free. Feldman and Moore showed in |FM75aj that any countable pmp 
TZ arises from the action of a countable group, however this action cannot always be taken to 
be free, a question which was settled by Furman in [Fu99j . 

If 7^ = 7^(F rv X) for the free pmp action of a countable group F, then any group 
representation vr ; F —)• IA{'H) of F on a Hilbert space Ti gives rise to a representation -k-ji of TZ, 
and a 1-cocycle b for vr gives a 1-cocycle bji for ttt^ as follows. We represent TZ on the Hilbert 
bundle X*/C where ICx = Ti for all x £ X. Let Eq = {x G X : gx = x lor some nonidentity g G 
F}. Then //(Eq) = 0 since F is countable and the action is free. Define 

'^n{x,g~^x) =Tr{g), and 
bTi{x,g~ x) = b{g), for c/GF,x^Eo, 

and since ^(Eq) = 0, for x £ Eq take (say) TT{x,y) = id and b{x,y) = 0. One can check that 
TT-ji is mixing if vr is mixing and b-ji is unbounded if b is unbounded. Moreover if vr -< p for 
another representation p of F, then tt-ji -< as well. When vr is either the left or right regular 
representation, then titi is unitarily equivalent to the regular representation A. 


^ r rv {X, E) is free if y{{x £ X ■. gx = 2 ;}) = 0 for each nonidentity <? € F. 
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2.5. Relative Mixingness and Weak Containment of Bimodnles. We recall a few 
useful notions for bimodules over von Neumann algebras. Let N C M be a von Neumann 
subalgebra. An M-M bimodule mT~Lm is mixing relative to N if for any sequence {x„} C (M)i 
with \\^N{yXnz )\\2 —^ 0 for all y,z G M, we have 

lim sup \{xniy,y)\= lim sup \{y^Xn,r])\ = 0 for all Gl-i. (2-8) 

An M-N bimodule mT~In is weakly contained in a M-N bimodule mI^n, written mT~In A 
mI^n, if for any e > 0, finite subsets Fi C M, F 2 C N, and ^ G H, there are yi,... ,r]n ^ 
such that 

n 

\{x^y,0-'^{xVjy,Vj)\ < e for all x G Fi,y G F 2 . (2.9) 

i=i 

Given bimodules mT~Ln and nI^p-, we can form Connes’ fusion M-P bimodule mF- ®n I^p 
which satisfies = ^^NCir] for all a G A", ^ r/ G /C (see |PV11] for a construction). 

If mF-n a mK^n, then mF- ®n kip ~< mK, ®n kip for any N-P bimodule £, and pC ®m A 
pC ®M for any P-M bimodule C. 

The following lemma is standard and appears in Remark 3.7 of [Vair)| . for instance. We 
include the proof below for completeness. 


Lemma 2.3. Let Q C M and let Li he an M-M bimodule. Suppose that {Cn}i° C LI, e, k > 0 
are such that 

(i) liCnII > e for all n, 

(a) ||x^ri|| < for X G M and all n, and 

(Hi) \\xf,n — —>• 0 for each x G Q. 

Then there is a nonzero projection z G Z{Q' n M) such that m[L'^{M)z\q^ -< m[LLz\q^. 

Proof. For each x G M and n > 1 set 4 >n{x) = {xf,n,Cn)- By (ii) we have 0 < 
so there is T„ G M with 0 < T„ < such that {x^n,f,n) = x{xTn) for all x G M. Since 

Tn < for all n, passing to a subsequence we may assume that Tn ^ T weakly for some 
T G M with 0 < T < K^. Moreover, T / 0 since t(T„) = ||Cn|P > for all n, and by (in) 
we have T G Q' D M. Let 5 > 0 be small enough that p = l(5 ,j2](T) is nonzero. Then set 
S = f{T) where f{t) = (l(5 ,..2](t)/t)^/^ for t G o-{T) so that S^T = p. Since p G Q' D M 
is nonzero, there is p' G Q' n M with p' < p and Fz{Q'nM){p') = for some m G Z>o 
and z G Z{Q' n M). Let vi,V2,... ,Vm G Q' (1 M be partial isometries with VjVj = p' for all 

1 < j < m and Yl'jLi'Ojv) = z. Set rji = VjS'f^n and S' = Sp' so that S'‘^T = p'. Then for 
any x,a G M and y G Qz we have 

mm m 

{xay,a) = T{a*xay) = T{a*xayvjV*) = T{xyvjS'TS'v*) = lim T{S'v*xyvjS'Tn) 
j=i j=i j=i 

m m 

= lim '^{S'v*xyvjS'in,f,n) = hm '^{xrf^y,yi) 
i=i i=i 


and thus m[L^(M)z]q2 -< m[LLz\q:,. 


□ 


2.6. Relative Amenability. The notion of relative amenability for von Neumann subalge¬ 
bras is due to Ozawa and Popa in |OP07| . from which we get the following: 
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Theorem 2.4 ( |OP07p . Let N,Q be von Neumann subalgebras of {M,t) which contain 1m- 
Then the following are equivalent: 

(1) . N is amenable relative to Q inside M; 

(2) . There is an N-central state f on {M^eq) such that (f\M = t; 

(3) . There is a conditional expectation 4) : [M^eq) —>■ N such that ^\m = E^; 

(4) . There is C L?‘{M) ®q Lf‘{M) such that for each x G M, b £ N we have 

{xf,n,f,n) t{x) and \\bf,n - f,nb\\ 0 as oo; 

(5) . mL\M)n < mLHM) L\M)n. 

This generalizes the notion of amenability for subalgebras: N is amenable iff it is amenable 
relative to C inside M for some (and hence all) M D N. 

We will need the following useful proposition due to Popa and Vaes: 

Proposition 2.5 (Proposition 2.7 of |PVll] b Let N,Qi,Q 2 be von Neumann subalgebras of 
{M,t) which contain 1 m- Suppose that M = Mm{Qi)" and [eQ^jeQj] = 0, and that N is 
amenable relative to Qi for i = 1,2. Then N is amenable relative to Qir\Q 2 - 

2.7. Amplifications. In order to give the prime factorization result in Section [6] and the 
application to measure equivalence in Section [71 we will need the language of amplifications. 
For a III factor (M, r), we consider the type IIoo factor = M®i?(f^(Z)). If we denote 
by Tr the semifinite trace on B (Z)) , then r (8> Tr gives a semifinite trace on . For any 
t > 0, the amplification of M by t is the IIi factor M* = PM°°P for a projection P G 
satisfying (r ® Tr)(P) = t. Note that such a projection exists since M is IIi and that M* is 
well defined up to unitary conjugacy in M°°. If M is type I„ for some n G Z>o such P exists 
provided nt £ Z and in this case we define M* as above. For s,t > 0, (M^Y = 

Now consider the tracial factor L{TZ) for ergodic 77. If 77 is infinite, ergodicity implies that 
the space {X, fi) must be non-atomic and T(77) is a type IIi factor. For such 77 and t > 0, we 
can define as follows the amplification 77* of 77 in such a way that T(77*) = LiJZY- 

Consider the measure space {X°°, fi ® jf) = {X x Z, p, ® ff), where # denotes the counting 
measure on Z. Then 77°° = 77 x C X°° X X°° is a countable measurable equivalence 
relation. For t > 0, define 77* = 77 °°|e for measurable E C A°° with {p (g) if){E) = t. Such 
a set E exists since X is non-atomic, and using the ergodicity of 77 one can show that 77* is 
well defined up to isomorphism. From this it further follows that (77*)^ = 77*^ for t,s > 0. 

If 77 has a representation tt with 1-cocycle 6 on a Hilbert bundle X *TL, we can form the 
Hilbert bundle E *7^*, where E is as above and where = LLx for each (x, k) £ E. Then 

we can define a representation vr* of 77* with 1-cocycle 6* by 
T^\{x,k),{y,m)) ='n{x,y), and 
b\{x, k), {y, m)) = b{x, y), for ((x, k), {y, m)) £ 77*. 

For any t > 0, vr is mixing if and only if vr* is mixing, b is unbounded if and only if 5* is 
unbounded, and for another representation p of 77, vr -< p if and only if vr* X p*. 

2.8. Popa’s intertwining by bimodnles. We will make essential use of the following the¬ 
orem of Popa, fundamental to deformation/rigidity theory: 

Theorem 2.6 (Popa’s Intertwining by Bimodules, Theorem 2.1 of [PoOS] ). Let N and P be 
unital subalgebras of a tracial von Neumann algebra M. The following are equivalent: 

(1) There is no sequence {un} C U{N) such that ||F'p(xu„y )||2 —)• 0 as n —>■ oo for every 

x,y £ M; 

(2) There is a N-P submodule TL of Lp‘{M) with dimp(7^) < oo; 
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(3) There are nonzero projections p G N, f ^ P, a unital normal *-homomorphism 
9 : pNp —>• fPf, and a partial isometry v & M such that 

9{x)v = vx for all x G pNp, v*v G {N' n M)p, and vv* G 6{pNp)' n fMf. 

If the above equivalent conditions hold, we say that N intertwines into P inside M, written 
N -<M P, or simply N ^ P when there is no danger of confusion. 

3. Deducing Primeness from an s-Malleable Deformation 

In this section, we review how an s-malleable deformation can be used to prove primeness 
results using a technique introduced by Popa in [PoObb] . We define an s-malleable deformation 
of a tracial von Neumann algebra M as an inclusion M <Z M into some tracial M, along with 
a continuous action a : M ^ Aut(M), and /3 G Aut(M) such that /3 |m = id, = id, and 
ft o at = a-t o (3 for all t G M. 

To exploit an s-malleable deformation, we will use Popa’s transversality inequality from 
|Po06a] ■ part (1) of the following lemma. We include as part (2) another well known inequality 
as we shall use the pair several times in combination. 

Lemma 3.1. Let a : M ^ Aut(M), ft G Aut(M) he an s-malleable deformation of M G M. 
Set 6t{x) = at{x) — EM{cit{x)) for x G M. Then for all x,y £ M and t G M, 

(1) . \\d 2 t{x )\\2 < 2 \\a 2 tix) - x \\2 < 4:\\6t{x)\\2, and 

(2) . ||[(Ii(a:),y]||2 < 2||x||||at(y) - y\\2 + ||[®,y]||2- 

Proof. For (1), 

\\Stix )\\2 < \\at{x) - x \\2 + ||x - EM{o;tix ))\\2 = \\atix) - a :||2 ||Em(x - at{x ))\\2 
< 2 ||Q!t(x) - x||2, 

and since fiat = a-tft and /3 |m = id, we have 

\\a2tix) - x\\2 = \\atix) - a-t{x)\\2 < \\atix) - EM(at(x ))||2 + \\a-tix) - EM(at(x ))||2 
= ¥tix)\\2 + \\l 3 {at{x) - EM{at{x)))\\2 = 2 ||( 5 t(x)|| 2 . 

For (2), 

\mx),y ]\\2 = \\il-EM){[atix),y ])\\2 < ||[ai(x),y]lb 

< \\at{x)y - atix)at{y)\\2 + \\[atix),at{y)]\\2 + \\at{y)at{x) - yat{x)\\2 

< 2||x||||Q;t(y) - ylb + ||[a:,y ]||2 □ 


We can now show how an s-malleable deformation can be used to prove primeness. 

Theorem 3.2 (Popa’s Spectral Gap Argument). Let M be a tracial von Neumann algebra with 
no amenable direct summand which admits an s-malleable deformation {atjigR C Aut(M) 
for some tracial von Neumann algebra M D M. Suppose that the M-M bimodule mL'^{M) © 
L?‘{M)m is weakly contained in the coarse M-M bimodule and mixing relative to some abelian 
subalgebra A G M. Then there is a central projection z G Z{M) such that 

( 1 ) at ^ id uniformly m || • lb on the unit ball {Mz)i as t ^ 0, and 

( 2 ) M (1 — z) is prime. 

In particular, if the convergence at ^ id as t ^ 0 is not uniform, then M 'jh N ® Q for 
any N and Q of type II. 
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Proof. Using Zorn’s Lemma, let z E Z{M) denote the maximal central projection such that 
at —)• id uniformly in || • II 2 on the unit ball {Mz)i. Then (1) is satisfied and for any central 
projection z' <1 — z we have at id non-uniformly in || • ||2 on (Mz')i. Now suppose toward 
a contradiction that M(1 — z) = N ZQ with N and Q not of type I. Since M has no amenable 
direct summand, we assume without loss of generality that Q also has no amenable direct 
summand. As previously, set 6 t{x) = at{x) — EM{oitix)) for x E M. 

First suppose that at —)• id is not uniform in || • II 2 on {N)i. Then by part (1) of Lemma 
[331(5*^0 is not uniform in || • II 2 on {N)i. Hence there is e > 0 and sequences E (N)i, 
{tn} C M, with —)• 0 and ||(jt„(an )||2 > e for all n. For x G Q, we have [x,a„] = 0 and 
\\at„{x) — x \\2 —)• 0 as re —)• 00 , so part (2) of Lemma [3T] gives ||(a^), x]II 2 —^ 0. We also 
have ||x5t„(an)||2 < ||x|| 2 , so applying Lemma [231 with PL = Lp‘{M) © Lp‘{M), and using our 
assumption that mL'^ (M) Q L'^ (M)m is weakly contained in the coarse M-M bimodule, there 
is a projection q E Z{Q' CiQ) = Z{Q) such that 

QLf{Qq)Qq< Q[{Lf {M) Q if {M))q]Qq ^ q[L^{M) ® L^{M)q]Qq ^ qL^{Q) ® L^{Qq)Qq 

and hence QqL‘^{Qq)Qq © QqL'^iQQ) L‘^{Qq)Qq, which contradicts the fact that Q has no 
amenable direct summand. Thus we must have at —)> id uniformly in || • II 2 on {N)i. 

Next, since N is not type I, there is z' E ZiJSL) C Z{M){1 — z) such that NZ is type 11. 
Then since A is abelian and Nz' is type II, we have Nz' Zm A, so it follows from Theorem 
I2.6l that there is a sequence {«„} C U{Nz') such that for each x,y G M, ||Eyi(xre„,y )||2 —)• 0 as 
re —>■ 00 . Since mL‘^{M)QL‘^{M)m is mixing relative to A, we have that {un 6 t{x), 5t{x)un) -5- 0 
as re —>• 00 for all x G M. Note that for any t E M, x E {Qz')i we have 

||(5t(x) - z' 6 t{x )\\2 = 11(1 - EM){atiz'x) - z'at{x ))\\2 < \\at{z') - z '\\2 
and so using both parts of Lemma EH we have 

||a 2 t(x) - x ||2 < 2 \\ 6 t{x )\\2 < ^Watiz') - z '||2 + 2||2;'(5t(x)||2 

= 2 \\at{z') - z '\\2 Tliminf [2|| [re^, (5t(x)] II 2 + 4Re(ren(jt(x), <5* (x)re„)] 

< 21103-2^0 “ - 2^^112 + liminf 
n^oo 

<{2 + V8) sup ||at(o) — a ||2 —> 0 as t —>■ 0. 

ae(Ar)i 

As this convergence is independent of x, this shows that at —)• id uniformly in || • II 2 on {Qz')i. 

Now hx any e > 0, and let to > 0 be such that for |t| < to we have ||a:t(x) — x ||2 < y for all 
X E (iV)i U (Qz')i. Then for u G lP{N),v G U{Qz') we have 

\\at{u)at{v)v*u* - z '\\2 < \\at{u)at{v)z' — at{u)at{v )\\2 + \\at{u)at{v) - uv \\2 

< \\z' - at{z ')\\2 + \\at{u) - u \\2 + ||at(x) - u ||2 < y 

and so for |t| < to, the || • || 2 -closed convex hull Kt of the set {at{u)at{v)v*u* : u G U{N),v G 
L{{Qz')} has ||A;— 2'||2 < y for all k G Kt- In particular, the unique element kt G Kt of minimal 
II • II 2 has \\kt — z '\\2 < y. Since kt is unique and at{u)Ktu* = Kt for all u G U{N) \JU{Qz')., 
it follows that at{u)ktu* = kt for all u G U{N) lJlA{Qz')., and hence at{a)kt = ha for all 
o E N U Qz'. Then for any a G N, b G Qz', we have 


V8\\at{Un) - Ur, 




at{ab)kt = at{a)at{b)kt = at{a)ktb = hab, 
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and Mz' = M{1 — z)z' = {N ®Q)z', so in fact at{x)kt = ktx for all x € Mz' and |t| < to- 
Thus for any x G {Mz')i and |t| < to we have 

\\at{x) - x \\2 < \\at{z'x) - z'at{x )\\2 + \\z'at{x) - at{x)kt \\2 + Whx - x \\2 

< ||at(z^) — z '\\2 + 2||/ct — z ^||2 < — + 2 • — = e, 

which implies that at —)• id uniformly in || • ||2 on {Mz')i. But z' € Z{M) with z' <1 — z, so 
this is a contradiction and we conclude that M{1 — z) is indeed prime. 

In the particular case where the convergence at —?■ id is not uniform in || • ||2 on (M)i, the 
above projection z € Z{M) has 1 — z / 0. Suppose toward a contradiction that M = N 0 Q 
with N and Q of type II. Then since M(l — z) is prime by the above result, the decomposition 
M(1 — z) = N{I — z)ZQ{l — z) forces either N{1 — z) or <5(1 — z) to be type I. Assume 
without loss of generality that A^(l —z) is type I. But then taking a nonzero abelian projection 
p G N{1 — z), we would have a type II algebra N intertwining in M into an abelian algebra 
Np 0 C(1 — p), which is impossible. Thus M ^ N ZiQ with N and Q of type II. □ 


4. Gaussian Extension of TZ and s-Malleable Deformation of L{TZ) 

In this section we construct the s-malleable deformation that will be used to prove the main 
result. In [PS09| and |SilO| . Peterson and Sinclair used 1-cocycles for group representations 
to build deformations; we follow this spirit in the setting of pmp equivalence relations. To 
accomplish this, we generalize Bowen’s Bernoulli shift extension of TZ (see [Bol2| l to the 
Gaussian extension TZ of TZ arising from an orthogonal representation vr of 7?.. A 1-cocycle for 
vr will then give rise to the desired s-malleable deformation of L[TZ) C L[TZ). 

4.1. Gaussian extension of TZ. Let vr be an orthogonal representation of 7^ on a real Hilbert 
bundle X*Ti, and let be an orthonormal fundamental sequence of sections for X*Ti. 

Let 

dimHx 

n (M, ^=e"^^/^ds), 

i=l ^271 

and define : spaniR({^i(x)}f™^‘") U{L°°{n^)) by 

/ k \ k 

Wx I '^anf,i„{x) I = exp(iV2 

\n=l / n=l 

where SJ is the coordinate function Sj{{si)f^'^'^) = Sj for j < dimUx. 

One can show that Ux extends to a || • — || • ||2 continuous map ujx ■ Tix —^ 

satisfying 

+ =‘^x{f,)dJx{v), i^xif,)* = uJxi-f): for all 7/ G (4.1) 

For X G A, one can show that the linear span Dx = span£({wx(0}?e«a:) has D" = Dx^°^ = 
L°°(Hx). For {x,y) G TZ, define a ^-homomorphism p{x,y) : Dy —)• L°°{Qx) by 

p{x,y)ujy{0 = ujx{'^{x,y)0, 
which is well defined and || • || 2 -isometric since (14. IN implies 


T{u}y{p)*ujy{f)) = t{uJx{tt{x, y)p)*u}x{Tr{x, y)f)) for all Tiy. 
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In particular, p{x,y) is r-preserving, and so extends to a *-isomorphism p{x,y) : L°°{Q,y) —>■ 
Let 0[x,y) : —)• Hx be the induced measure space isomorphism such that p{x, y)f = 

/ o 0 -;^^ for all / G 

We now consider X*!! as measurable bundle with fi-algebra generated by the maps (x, r) i-A 
for / C N hnite and Oj G M. A measure p* ly on X * Q is then given by 
[p*u]{E) = ^x{Ex)dp{x), where = {s G : (x,s) G E}. We define the Gaussian 
extension ofTZ to be the equivalence relation TZ on {X *Vt,p* v) given by 

{{x,r),{y,s)) en {x,y) en and e(^y^x}{r) = s (4.2) 

leaving the reader to check that 7?. is a countable pmp equivalence relation. 

For g G [7^], we can define g G [7^] by g{x,r) = {gx, 9(^g^^x) {'>'))■ can then check that 

the map aug eA aug for a G L°°{X), g G [7^] imbeds L(JZ) into L{'JZ) and we identify Ug and 
Ug henceforth. Moreover, noting that TZ = Ugel'R] S^^pb( 5 )) h follows that 

L{TZ) = {L°°{X * n), {ug-.ge [7^]}}" = {L°°{X * 17), L(7^)}" C B{L^{1Z)) (4.3) 


4.2. s-Malleable deformation of L{TZ). Now consider a 1-cocycle b for the representation 
TT on A * 77 above and let M = L{TZ) and M = L{TZ). Using the cocycle relation for b, one 
checks that 


ct{{x,r),{y,s)) = ujx{tb{x,y)){r) (4.4) 

defines a one-parameter family {ctjtgK of multiplicative 1-cocyles of TZ, and hence as in (|2.2pi 
a one-parameter family {V'ctjteK U Aut(M) which we will denote by {otjtgK. Moreover, 
cpct2 = Cp+t2 for all ti,t 2 G M, and hence 1 at defines an action a : M ^ Aut(M). For any 

ae L°°{X *n), g e [7^], 

||o!t(o'Iig) arigi||2 = \\fct,g^'^g ®rigi||2 ^ Hq-H ||/ct,g III2 ~ ll®ll 2 Re T^fcf^g)] 


= 2||a| 


1 — Re 


T{uix{tb{x, g ^x)))dp{x 


= 2||a|rRe 


/.[ 


IX 


1 — e 


-t^\\b{x,g ^x) 


dp{x) —)• 0 as t —>■ 0, 


where the convergence follows from Lebesgue’s dominated convergence theorem. When com¬ 
bined with (14.31)1 this shows that a : M —>■ Aut(M) is a continuous action when Aut(M) is 
given the topology of pointwise || • II 2 convergence. 

Next, one can check that defining I3x{uJx{C)) = <^x(—0 for x G A gives rise to fdx G 
Aut(L°°(f7x)), which leads to /3 G Aut(L°°(A * 17)) defined by (3{a){x,r) = (3x{a{x, ■)){r) for 
a G L°°(A * n). Then noting that UgP(a)Ug = j3{ugau*g) for all a G L°°{X * 17), g G one 
can check that /3 extends to an ^-automorphism of M by the rule f3{aug) = j3{a)ug. We have 
= id, /3 |m = id, and (3 o at = a-t o /3 since one can check that (5{fct,g) = fc-t,g for each 
g G \TZ\. Hence a : M — )• Aut(M) is an s-malleable deformation of M C M. 


5. Primeness of L{TZ) 

In this section, we prove the main result. Theorem lAl Before doing so, however, we pause 
to further analyze the maps p{x,y) : L°°{Qx) defined in Section ITTl Note first 

that each can be extended (and then restricted) to a unitary 

p{x, y) : © C ^ L^(I7x) 0 C 
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Setting Kx = for x € X, we now form the Hilbert bundle X*/C with the cr-algebra 

determined by fundamental sections cJo(spanQ{^„}^]^), where {Cn}^i is as in Section IdHl 
and [wo(i/)](3;) = 0 Jx{r]{x)) — for rj G S{X * T-L). Noting that p{x,y)p{y,z) = p{x,z) 

for all {x,y), {y,z) G TZ, we may then consider p as a representation of 7^ on X * /C. The 
following lemma makes explicit the relationship between p and vr. 

Lemma 5.1. For each x G X, let Fix = ®R C)®'^. The representation p of TZ on 

X * JC is unitarily equivalent to the representation tt = of TZ on X *'H. 


Proof. For x G X, define Ux : Dx -i- C Q TLx hy uJx{C) e 0^o for ? ^ Hx, 

which is well defined and isometric since for any t/ G TLx^ we have 


My 


0 M?)!:\=e- 


iiy-ii>iip 


n=0 


n=0 


ni 


n =0 ^ ® 


oo 


= e 


E = riiVxiprcOxiO) 

n=0 


Certainly C C Ux{Dx), and one can check that O ■ ■ ■ 0 £ Ux{Dx) for all ..., G TLx 

by induction on n. Hence we extend this map to a unitary Ux '■ LFiPt-x) ^ C 0 Fix- 
Then for (x, y) G TZ, it is immediate from the definitions of vr and p that 

[idc ® 7r]ix,y)UyUy{f,) = UxUJx{T^{x,y)f) = Uxp{x,y)ujy{i) 


for all ^ G FLy, and hence 

[idc 0 TT]{x,y)Uya = Uxp{x,y)a 

for all a G Lp‘{Tly) since Lf‘{Fty) = ujy{FLy). In particular, since Uy fixes C for each y G X, the 
lemma follows. □ 


5.1. L[FZ)-L[FZ) bimodules arising from representations of TZ. We will need one more 
tool before the proof of Theorem [Al Again let M = L{FZ) and M = L{TZ), and write A for 
L°°{X) C M. Note that a representation vr of 7?. on X * 7^ induces a group representation 
if: [TZ] ^ IF Flxdp{x)) defined by 7fg(^)(x) = 7r(x, ( 7 “^x)^( 5 '“^x). Letting 


: = 



FLxdp{x) 


<S)A l\tz), 


(5.1) 


we would like to define an M-M bimodule structure on FL^. The intuition comes from the 
proof of the following analogue of Fell’s absorption principle: 


Lemma 5.2. Let n be a representation of TZ on a measurable Hilbert bundle X *FL. Then 
TT 0 A is unitarily equivalent to id^ 0 A for any orthonormal fundamental sequence of sections 
S for X*Ti. 

Proof. Let S = For (x, y), (x, z) £TZ and n, m > 1, we have 

{Tr{x,y)^n{y) 0 l{y},'K{x,z)irn{z) 0 l{z}) = (7r(x,(y),7r(x,( 2 ^)) • ^{y}{z) 

= {'^{x,y)in{y),T^{x,y)im{y)) ■ ^y}{z) 

~ {^n{y) 1 f,m{z)) • l{y}(2;) 

~ (?n(y) 0 ^{y}! f,m{z) 0 Ijz})- 
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Since T-Lx ® ^‘^{[x\'r) = span{^„(x) (8) l{y} : (x, ?/) E 7^, n > 1} for each x £ X, the above calcu¬ 
lation shows that the formula 

Ux{U{x) ® l{y}) = 7r(x, y)in{y) ® l{y} for (x, ?/) E 7^, n > 1 

gives rise to a well defined unitary 17a; € U{T-Lx® ('‘^{[x\n)) (note that Ux is surjective since 
{7r(x, y)in{y)}^=i is a basis for Tix for (x, y) E TZ) for each x E X. Moreover, for (x, y), (x, z) E 
TZ and n > 1 we have 

C72([id5 ® A]( 2 ;,x) • ^^(x) ® l{y}) = Uz{Cn{z) (g) l{y}) = 7r{z,y)Cn{y) ® l{y} 

= [vr® A](z,x) • 7 r{x, y)Cn{y) ® l{y} = [vr® A]( 2 ;,x) • Ux{in{x) ® l{y}) 

and hence [vr ® A](z, x)Ux = 17^[id5 ® A](z, x) for (z, x) E TZ. 

For measurability, take any g,h £ [7^], n, m > 1 and note that 

X eA {Ux{in{x) ® l{g-la;}),Cm(x) ® l{h-lx}) 

= {T^{x,g~^x)^n{g~^x) ® ls^g-lx},im{x) ® l{h-^x}) 

= {'K{x,g~^x)in{g~^x),irn{x)) ' T{y^x-.g-^y=h-^y}{x) 
is the product of two measurable maps. □ 

Lemma 5.3. The Hilbert space HT has an L{TZ)-L{TZ) bimodule structure which satisfies 

aug • (C (giA 7) • X = Ttgi^) ®A auggx (5.2) 

for a £ A, g £ \TZ], x £ M, g £ L‘^{M), and ^ E TLxdfi. 

Proof. We have already from the construction of Connes’ fusion tensor that H'^ is an A-L{TZ) 
bimodule with the right action satisfying (|5.2pi The proposed left and right actions certainly 
commute, so it is enough to show that the left action in (|5.2l)l makes TH into a left Hilbert LiTZ)- 
module. For each n > 1, set pn = l{a;eA':dim'Hj;>n} ^ If ix,y) £ TZ, then Tix = 'K{x,y)Tiy so 
dim 7 ^ 2 , = dimT^y and therefore pn £ Z{L{TZ)). Let be an orthonormal fundamental 

sequence of sections for X * 7^ and note that pn = ||^n(')ll- Set X = 0^iPnX^(7?.). We 
wish to define a unitary U : 0^iPn7^^(7^) —> TH■ For any <7 E [7^], a E H, and n > 1, 
let gn,a,g £ X denote the vector which is PnO-Ug in the nth summand and 0 elsewhere (note 
that PnaUg £ pmL'^iTZ) for any 1 < m < n, so we must be careful with our notation). Then 
X = sp&ii{gri,a,g : a £ A, g £ [7^],n > 1} and we define U{gn,a,g) = 'Fg(Cn) ®A aUg. Then for 
a,b £ A, g,h £ [TZ], and n > 1, since EA{ugufi) = T^x&X:g-^x=h-^x}^ 'we have 

(%(?n) (giA aUg,Tth{f.n) ®A buh) = T{{Trg{f,n)i-),Tth{f.n)i-))aEA{ugul)b*) 

= T{[ug\\U)fu*g]aEA{ugul)b*) 

= T^PnaUgUlb*) 

~ {'nn,a,gjgn,b,h) 

and \i m n, then {Trg{(^n){-), Xhif,m){-))EA{ugU’fi) = 0 and therefore 

{.Xgifin) ® A ^'Ug,Tth{fi,m) ® Abujf) — 0 — {jln,a,g^gm,b,h) • 

Thus U extends to a well defined unitary 77 : X —)• TH (77 is surjective since TLxdpi = 
span{7rg(^„)a : a E H,n > 1} for each g £ [TZ]). 
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Now since JC = is a left L(7^)-module by left multiplication in each coordi¬ 

nate, becomes a left L(7?.)-module under the action x ■ rj = U{x ■ U*{rj)). Moreover, for 
a,b G A, g, h G [JZ], n > 1, we have 

aUg • (TThi^n) bUh) = aUg ■ U{r]n,b,h) = U{aUg • r]n,b,h) = U{r]n,aiu,bu*),gh) 

= ^ghiin) <8>A a{Ugbu*g)Ugh = ^gi^hi^n)) ®A aUgbuh- 

For any a,b G A, g, h G [TZ], ^ G 'H-xdg, write ^ ^h{in)in with an G A. Then using 

the above, 

OO OO 

aUg ■ (g)^ buh) = '^aug- {^h{^n)an buh) = ^ ^g{^h{in)) ®A auganbuh) 

n=l n=l 

OO OO 

= '^^g{^h{U)){uganU*g) (8)a aUgbuh) = '^^g{^h{U)an) ®A aUgbuh) 
n=l n=l 

= ^g{i) <g)A aUgbuh- 

Since elements of the form buh span a dense subspace of {TZ) , it follows that the left action 
of L{TZ) satisfies (|5.2|)l □ 

Given two representations vr and p oiTZ with vr weakly contained in (resp. unitarily equiv¬ 
alent to) p, one can check that TTA is weakly contained in (resp. unitarily equivalent to) 
as M-M bimodules. If a representation vr is a mixing, then TL^ is mixing relative to A. 

5.2. Proof of Theorem We can now prove the main primeness result. 

TheoremlA], Let TZ be a countable pmp equivalence relation with no amenable direct summand 
which admits an unbounded 1-cocycle into a mixing orthogonal representation weakly contained 
in the regular representation. Then L{TZ) ^ N for any type II von Neumann algebras N 
and Q and hence TZ ^TZiX TZ 2 for any pmp TZi which have a.e. equivalence class infinite. In 
particular, if TZ is ergodic then LiTZ) is prime. 

Proof. Consider the s-malleable deformation M C M, {otjtgK C Aut(M) constructed in 
Section m Note that the representation vr = is mixing and weakly contained in the 

regular representation A of TZ, since tt has these properties. 

By identifying L?{X *LI)QL‘^{X) with J®[Lp‘{Llx)QC\dp{x), one can check that LP‘{M)Q 
L?‘{M) = Ti^ as M-M bimodules. The latter is then unitarily equivalent to TN by Lemma 
EH and since vr is mixing, we have that L?‘{M) © L?‘{M) is mixing relative to A. Moreover, 
TL^ -< TL^ since vr -< A, and one can check that TL^ = L‘^{M) L‘^{M) as M-M bimodules. 

Since A is amenable, the latter is weakly contained in the coarse M-M bimodule. 

Since b is unbounded, there is 5 > 0 such that for all R > 0, there is G [7^] with 
p{{\\b{x, g~^x)\\ > R}) > 6. If we had at id uniformly on (M)i, there would be to such 
that ||EA^(ato (%))||2 > 1 — | for all g' G [7^]. But taking R> 0 large enough that 
and g G [7^] with p{{\\b{x,g~^x)\\ > R}) > 6, we would have 

1 - 5 < l|E„(o,„K))||^ = 

< p{{\\b{x,g~^x)f < R}) + p{{\\b{x, g~^x)f > R}) 

5 6 


(5.3) 
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which is false. Hence at id is not uniform on (M)i, and so by Theorem 13.21 we conclude 
that M ^ N iov N and Q of type II. 

In particular, if TZ = TZi x 7^2, then L{TZ) = L{TZi) ® L{TZ2) , so there is j G {1,2} such 
that L{TZj) is not type II and hence TZj does not have a.e. equivalence class infinite. □ 

5.3. Remark. Theorem (as well as Theorem [D]) in fact holds with L{TZ) replaced by 
L{TZ,a), which is constructed as L(JZ), but “twisted” by some 2-cocycle a : [R\ x [7^] ^ 
U{L°°{X)), in the sense that for g,h €: [7^] the unitaries Ug,Uh,Ugh G L{JZ,a) satisfy UgU^ = 
a{g, h)ugh- Indeed, with Iz and ()4.4pi exactlv as before, the formula ()2.2lll now gives rise to an s- 
malleable deformation of L{TZ,a) C L{iZ,a). Similarly, (j5.21)1 now defines an L{TZ,a)-L{TZ,a) 
bimodule and the necessary identifications in the proof of Theorem O hold. 

There is good reason for considering the algebras L{JZ,a). The subalgebra L°°{X) C 
L{TZ, a) is a Cartan subalgebra, i.e., it is maximal abelian and its normalizer generates L{JZ, a) 
as a von Neumann algebra. Such subalgebras have been the object of intense study (see [I^ 
for a detailed survey). Feldman and Moore showed in |FM75b] that a Cartan subalgebra 
H C M of a tracial von Neumann algebra M always arises as L°°{X) C L{TZ,a) for some 
2-cocycle a and measured equivalence relation 77 on a standard probability space X. 


6. Unique Prime Factorization 

In this section we obtain a unique prime factorization result for a class of type IR factors in 
the spirit of [OP03| . It is important to note that for IIi factors N, Q, and any t > 0 we have 
so unique factorizations are considered modulo amplifications as well as 

unitary conjugacy. 

6.1. An Obstruction to Unique Factorization. We will need two lemmas before our 
proof of Theorem [Bl Both are well-known, but we include their proofs for completeness. 

Lemma 6.1. Let N G M be an inclusion of tracial von Neumann algebras. For any e > 0 
and projection p G M satisfying ||p — En{p )\\2 < e, there exists a projection q G N such that 
\\p - Qh < e + \/lOe^/^. 

Proof Note that 

||EAr(p)2 - EAr(p )||2 < ||EAr(p)^ - P^Nip)h + Wpi^Nip) - p)\\2 + l|p- EAr(p )||2 < 3e 

and therefore for any <5 > 0, Chebyshev’s inequality gives 

1 9e^ 

t(1{(5,1-5)}(E7v(p))) < r(l{|i 2 _t|> 52 }(EAr(p))) < ^||EAr(p)^ -EAr(p)||| < — 

SO that q = l{|j_i|< 5 }(EAr(p)) satisfies ||EAr(p) — < ^ + 5^- Taking 5 = then gives 

Up - qh < Up - EAr(p )||2 + ||EAr(p) - qh < e + \/l0e^/^ 

□ 

Lemma 6.2. Let {pnj^i G M be an asymptotically central sequence of projections. Then 
there exist commuting projections {qk}’^=i C M which are asymptotically central with \\pnk ~ 
qkh ^ d as A: —)• oo for some subsequence {pn^j^i- 
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Proof. Let qi = pi- Then given qi,... ,qk, commuting projections, we let A = {gi,..., qk}", 
and note that A = ^ Ce* for projections {cj}™ ^ which are minimal in A and such that 

YliLi e-i = 1- Let Uk+i be large enough so that \\pnk+i^i - ^iPn^+i Hi < iiS '^'^.ch l<i<m. 
Then A' M = ©:^i CiMsi and EA’nMix) = i eixet for x G M and hence 

m m 

l|Pnj;+i ~ El^/p|AL(Pni,+i )||2 = l|Pnj;+i ~ ^iPnk+i^i\\2 ~ W^iPrii^+i ~ ^iPn^:+lGi\\2 ( 6 - 1 ) 

i=l i=l 

m ^11 

-Pn,+M\l = ( 6 - 2 ) 

2=1 2=1 

Then Lemma [Ogives qk+x e A'DM with ||pni,+i-gfc-rilb < 1 + ^- Thus Wpn^-Qkh ^ 0 as 
A: —>■ oo from which it further follows that the sequence is asymptotically central. □ 

Theorem |Bl Let Mi and M 2 ho \\ ■ \\ 2 -separahle IIi factors with property Gamma and set 
A1 = Ml®M 2 . Then there is an approximately inner automorphism 4> G Inn{M) such that 
(f{Mi) 7 ^ Mj for any i,j G {1,2}. 

Proof. Since Mi and M 2 have T, there exist asymptotically central sequences of projections 
(Pfcl^i C Ml, {(?fc}^i C M 2 such that T{pk),T{qk) —^ as A: —>■ 00 . Using Lemma \6^ we 
may assume that \pk,Pj] = [Qk,Qj] = 0 for all k,j > 1. Let C M be a || • || 2 -dense 

sequence. 

Claim: There are sequences {u„,}^i C U{Mi), {un}^=i C IA{M 2 ) and a subsequence 
{^nj^i C N such that for each n > 1 , the asymptotically central unitaries = 1 — 2pk„qk„ 
satisfy 

and WwnUnwl^ - (1 - ‘^Pkjunh < (6.3) 

and \\wiUnW* — Un \\2 < X- for 1 < i < n, (6.4) 

2n 

and \\wnUiW^ — iiilb < 7 ;— for I < i < n, (6.5) 

2*1 

for 1 < i < n. ( 6 . 6 ) 

Before we prove the claim, let us prove the theorem assuming it holds. For n > 1, let 
IFn = W 1 W 2 ■ ■ ■ Wn- Then WnXiW* is || • || 2 -Cauchy for any i > 1, since for any m > n > i, 


WnVnK - (1 - ^Qkjvnh < ^ 

II * II ^ 1 

\\WiVnWi - Vnh < ^ 

II * II ^ 1 

WWnViW^ - Vi\\2 < — 

II * II ^ 1 

\\WnXiW^-Xi\\2 < — 


W. 


WWmXiWf^ - TTnXiW*||2 = ||rCn-rl • --WmXiW^^ 
using (I6.6pi Similarly, (16.61)1 implies that W*XiWn is alsc0 


n+l 


- Xi\\2 < 


23 ^ 2"^ 


j=n+l 


| 2 -Cauchy for any i > 1, so we 


may define f G Inn(M) by (j){x) = lim WnxW* for x G M, where the convergence is in the 

n^oo 

SOT. Then noting that [wn,Wm] = 0 for all n,m > 1, and using (|6.4I)I and (16.51)1 for each 


^In fact W„ = Wf here, but it is useful to note this as an implication of (ED since the construction 
W„ = W 1 W 2 ■ ■ - Wn can be done without arranging Wn = w* and [w„, Wm] = 0 for all n, m > 1. 
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n > 1 we have 


{Vn) - WnVnWl\\2 = lim \\W 1 W 2 
k—^oo 


< lim sup 

k^oo 


< lim sup 

fc—>-oo 


' WkVnWf, • • • W2W1 - WnVnWj \2 
n—1 k 

WwiVnW* - Vnh + \\WiVnW* - Vnh 


.2 = 1 
71—1 


V— V - 

/ ^ on j oi 


. 1=1 


which, combined with 


gives 


{Vn) - (1 - 2gfc„)Un||2 < 
We then see that for any y G M 2 , 


2 =n+l 


n + 1 


< 


2 =n+l 

n — 1 


1 

2 " 


n 


for all n > 1 . 


(6.7) 


limsup ||EMi(#(wn ))||2 = limsup ||EMi(y(l - 2qk^)vn)h 

n^oo n^oo 

= limsup ||r(y(l - 2qkJ)vnh = limsup |r(y)(l - 2 r(gfc^))| 

n^oo n^oo 

= k(y)(i - 2 • ^)| = 0 

where we use the fact that T{yyn) — T{y)T{yn) —>• 0 for any y G M 2 and any asymptotically 
central sequence {yn} C M 2 , which follows from the uniqueness of the trace. Since M = 
Ml® M 2 ., this calculation then implies that \\^Mx{cL(l){vn)h )\\2 0 for all a,b G M and hence 

(f){Mi) 7 ^ Ml. The same argument for the sequence {4>{un)} shows that </>(M 2 ) 7 ^ M 2 . 

On the other hand, note that 4>{pk) = Pk for all A; > 1, so that for each x G Mi, 

limsup ||Em 2(</>(1 - 2 pk)x )\\2 = limsup ||Em 2((1 - 2 pfc)x )||2 

k^oo k^oo 

= limsup |r((l — 2pk)x)\ = limsup |(1 — 2 r(pfc))T(x)| 

k^oo fc—)-oo 

= |(l-2 .1)rW|=0 

SO that ||E;v^ 2 (fl<('(l “ 2 pfc) 6)||2 — )• 0 for all a,b G M and hence 4>{Mi) 7 ^ M 2 . Similarly, 
analyzing the sequence {(/>(! — 2 ^^)} shows that 4 >{M 2 ) 7 ^ Mi. 

Proof of Claim: We construct the necessary sequences recursively. Therefore, suppose we 
are g iven {ki, ..., fen-i}, { 1 ^ 1 , • • •, Vn-i}, and {tti, ..., Un-i} such that (j6.3pi ()6.4pi (| 6 . 6 [ll and 
(jG.Spi are satisfied (allowing these sets to be empty for the base case n = 1). We construct kn, 
Vn, and Un as follows. 

Letting Bi = {pki, ■ ■ ■ ,Pk we know that Bi is abelian and hence of the form Bi = 

©S Ccj for projections {cj}™ ^ which are minimal in Bi and such that ~ 1- Then 

B[ n Mf = 0”li CiMfoi and therefore 2{B[ n Mj^) = Bi since Mi is a factor. Let p denote 
the image of the sequence {pk} in M{ nMf, noting that r(p) = ^ = r(l — p). Then p {1-p) 
in B[ n Mf since 


^z{B[nM'^){p) — Ebi(p) — — 


^ r{p)T{ei) ^^ 


^ r{e^) ^ rid) 

= t{p) = r(l -p) = E^(s'nM-)(l -P)- 

Thus there is 7 G U{B[ n Mf) such that vpv* = I — p. Setting B 2 = {qki, ■ ■ ■ ,qkn-i}" 
and letting q denote the image of {qk} in M^ H Mlf, the same argument shows that there 
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is u £ U{B 2 n M 2 ) such that uqu* = 1 — q. Lifting v and u to sequences of unitaries 
C lA{Mi), {uk}^^i C U{M 2 ) which asymptotically commute with Bi and B 2 , we can 
then find kn large enough that Vn = Vk„ and Un = Ukn have 

\\VnPk„Vn- i'^-PkJ\\2< “ (1 “ lb < ( 6 . 8 ) 

1 1 

WvnPkiVn - Pkih < and \\unqkiU*n “ Qkih < for l<i<n, (6.9) 

and we further assume that kn is large enough that (I 6 . 6 pi and (I6.5pi are satisfied (which can 
be done since {(1 — ‘^PkQk)}’^=i is asymptotically central). Noting that 

[1 - 2pk„qkJ[l - 2{l-pk„)qkJ = 1 - 2qk„, 

from (I 6 . 8 pi we get 

\\WnVnWn - [1 - 2qkJVnh = l|[l “ ‘^Pk^QkJi'^ “ 2(UnPfc„Ogfc„] “ [1 “ 2gfc,]||2 

< l| 2 (l -?»fc„)%„ - 2{VnPknVn)qkj2 < 2 ' 

and similarly \\wnUnWn — [1 — 2pk„]un\\2 < 5 ^ so that (I6.3pi is satisfied. For 1 < i < n, we use 
(j 6 . 8 pi to estimate 

\\VnW*vl - W*\\2 = ||[1 - 2{VnPkiVn)qki] “ [1 “ 2pfc,gfcJ||2 
^ ‘2‘\\VnPki'^n ~ Pki lb — 2 ' 2n+l 2” ’ 
and similarly — w *\\2 < ^ so that (16.4pi holds. 

□ 

6.2. Unique Prime Factorization via s-Malleable Deformation. The principle chal¬ 
lenge in the proof of the unique prime factorization in Theorem 16.41 is controlling the Cartan 
subalgebras of each factor. The following proposition will be critical for this reason: 

Proposition 6.3. Let M = N <Si Q = Mi 0 M 2 be a IIi factor without property Gamma, and 
suppose that N -<m A (g) M 2 for some Cartan subalgebra A of Mi. Then there is t > 0 and 
u E U{M) such that uN^u* C M 2 under the identification N (SiQ = 0 

Proof. By Theorem 12.61 there are projections p £ N, f £ A® M 2 , a unital normal *- 
homomorphism 0 : pNp —>■ f[A®M 2 )f, and a nonzero partial isometry v £ M, such that 

9{x)v = vx for all x£pNp, v*v £ {N'Ci M)p, and vv* £ 6{pNp)'fi fMf (6.10) 

Let L = 6{pNp)' n fMf, Z = Z{L), and e = vv*. Note that Af C L and therefore 
Z C {AfY n fMf = /(A® M 2 )/. From ()6.10l)l it follows that 

v*Zv C Z{v*v{N' n M)v*v) = Z{Q)v*v = Cv*v 

and hence Ze = v{Cv*v)v* = Ce. Therefore setting z = C{e) (the support of e in Z), and 
taking any z' £ Z, z' < z, we have z'e £ Ce and hence z'e £ {0, e} which implies that z' £ 
{ 0 , 2 ;}. Thus Lz is a finite factor. Hence there is e' E Lz, e' < e with r^zie') = T{e')jT{z) = ^ 
for some integer n. Let vi = e'v and note that for any x £ pNp we have 

vlvix = v*e'vx = v*e'6{x)v = v*0{x)e'v = xv*e'v = xv\vi (6.11) 

and hence v\vi £ {pNp)' n pMp = Qp, so let <7 E Q be a projection such that v\vi = qZ p. 
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Let s = T{q)T{z)/T{e') and identify Q (g) g such that Cq®pNp = Cq' ®p'N^^^p' 

and qQq®Cp = q'Q^q'®Cp' for projections q' G Q^, p' € with T{q') = T{q)/s = 

T{e')lT{z) = i and t{p') = t{p)s = t{z). 


,Wn & and ui,... ,Un & Lz he partial isometries 
with Yll=i = 1) Yll=i i < j < n. Then 


Since and Lz are factors, let wi, 

.j = lWjWj = 1, }2j = iUjUj = Z ^ 

setting w = UjViWj we have rc*?/; = p' and ww* = z, and wN^/^w* C z(A ® M 2 )z. 

Cutting w to the right by a projection in N under p', we may assume that t(p') = t(z) = ^ 
for some integer m. By [PoSli Theorem 3.2 and Remark 3.5.2], we can find a copy of the 
hyperfinite IIi factor R, with A d R d Mi and R' H Mi = C. Note that Af d L Z d 
{AfY n fMf = f{A® M 2 )f z G A® M 2 d R® M 2 . Since R® M 2 is a factor, there are 
partial isometries ui,..., Um £ R® M 2 with u*Uj = 2 : for each j and YljLi UjU* = 1. Taking 
partial isometries tci,..., Wm G N with WjWj = 2 ; for each j and setting 


no = have uq G U{M) and uqN^^^Uq d R® M 2 . 

Now write R = (S>jZi M 2 (C) and set R/. = M 2 (C), so that R = 0^=1 M 2 (C) 


® Rk 


for any k > 1. Then for any e > 0, there is fe > 1 such that ||6 — E„pQs„*( 6)||2 < e for 
all h G lA{Rk). Indeed if not, there would be e > 0 and { 6 ^} C U{R) with bk G lA{Rk) 
and \\bk — h]uoQ‘u*{bk )\\2 > e for all k. Then {bk} would be an asymptotically central se¬ 
quence in R and hence in R®M 2 . In particular, { 6 ^} would asymptotically commute with 
which does have property Gamma since M is non-Gamma. But this would imply 
that \\bk — R‘uoQ’>u*ibk )\\2 —>• 0 by Connes characterization of property Gamma in [Co75] . a 
contradiction. 

In particular, taking e = ^ we find A: > 1 such that ||6 — E„gQs„*( 6)||2 < ^ for all b G U{Rk) 
which implies that Rk ® uqQ^Uq. It follows that R = M 2 k{Rk) has R -< uqQ^Uq. Using 
Lemma 3.5 of |Va07] . we pass to relative commutants to find that uqN^^^Uq ® R' di M = M 2 
and then Mi -< uqQ^Uq. 

Then by Proposition 12 of [OP03| . since M{ n M = M 2 is a factor, there is r > 0 and uq G 
U{M) such that uoMiUq C uqQ^^'^Uq after identifying ®Q^)uq = ®Q^^)uq. 

Setting t = l/sr and u = UqUq, we have uN^u* = {uqUqQ^'^UqUo)' di M d M[ d M = M 2 . □ 


Theorem 6.4. Let Mi,..., Mk be IR factors without property Gamma, each with an s- 
malleable deformation {aijtgK C Aut(Mj) for some tracial von Neumann algebras Mi D Mi. 
Suppose that for each i, the Mi-Mi bimodule MiL"^{^i) Q LY{Mi)Mi is weakly contained in the 
coarse M^-Mi bimodule and mixing relative to some abelian subalgebra Ai d Mj. Assume that 
the convergence d{ —?> id is not uniform in || • II 2 on (Mj)i for any i. Then Mi is prime for 
each i, and 

(1) . If M = Ml® M 2 ® ... ®Mk = N®Q for tracial factors N,Q, there must be a 

partition In d Iq = {1,..., A:} and t > 0 such that Mi and = 0 ig 7 g Mj 

modulo unitary conjugacy in M. 

(2) . If M = Ml ® M 2 ® ...® Mk = Pi®P 2 ®---® Pm for IR factors Pi,..., Pm and 
m > k, then m = k, each Pi is prime, and there are ti,... ,tk > 0 with Rf 2 • • • Afc = 1 such 
that after reordering indices and conjugating by a unitary in M we have Mi = P^' for all i. 

(3) . In (2), the assumption m> k can be omitted if each Pi is assumed to be prime. 


Proof. We prove (1) by induction on k. Note that by Theorem 13.21 we know that each Mj is 
prime, so the case A: = 1 can only occur if either Q or A is hnite dimensional. Without loss 
of generality, assume N = Mn{C) for some n G Z>o. Then t = 1/n does the job with In = 0- 
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Now suppose that k > 2 and for convenience set M = N i^iQ- Since M is nonamenable, we 
assume without loss of generality that Q is nonamenable. For each i, we extend a] G Aut(Mj) 
to M* = Ml (g) • • • (g) Mi (g) • • • (g) Mfc by the rule a.l\Mj = id for j ^ i. Thus for each i we obtain 
an s-malleable deformation {aJjigR of M C M*. For x G M, set = al{x) — Em{o(1{x)). 
For each / C {1,2,..., k}, let Mj = s-'^d Mj = Mj so that M = M/ (g) Mj. 

We claim that there must be i such that a\ —)• id uniformly in || • ||2 on {N)i. Suppose not. 
Then using Lemma [3Tl for each i we find e* > 0 and sequences {x\} C (A^)i, C M with 
—)• 0 as n —)• oo and = 5*^ (x^) G © L‘^{M) satisfying ||^^|| > e*, ||x^^|| < ||x|| 2 , 

and — Cn^W ^ 0 as n —>■ oo for each x £ Q. Since N = Q' n M is a factor, applying 
Lemma 12.31 gives 

mL\M)q © mL\M^) 0 L\M)q (6.12) 

But since Mi[L'^{Mi) 0 L^(Mj)]Mi M;A^(Mj) 0 for each i, we also have 

m[l2(m') © L^{M)]m 0 mL\M) 0^^ L^{M)m (6.13) 

for each i. Then combining (I6.12pi and (I6.13l)l we have mL‘^{M)q 0 mL‘^{M) 0^, L‘^{M)q, so 

that Q is amenable relative to Mj in M for each i. But note that for any /, J C {1,2,... , n}, 
the subalgebras M/ and Mj satisfy M = J\fM{M[)" and = 0, so that after k — 1 

applications of 12.51 we find that Q is amenable relative to PljLi which contradicts the 

nonamenability of Q. Thus there must indeed be some j G {1, 2,... ,k} such that id 

uniformly in || • ||2 on (A^)i. 

We have that L^(M*)©L^(M) is mixing relative to Ai 0 Mi since L‘^{Mi)QL‘^{Mi) is mixing 
relative to Aj. It follows that there can be no sequence {«„} © (A")! with ||E^ (xti„i /)||2 —5- 

0 for each x,y £ M. If there were, we would conclude, just as in ()3.ipi that al —)• id uniformly 
on (Q)i, and then on all of (M)i as in the proof of Theorem 13.21 This would then contradict 
the assumption that the convergence al id is not uniform on (Mj)i. 

Thus N 0M Ai 0 Mi by Theorem 12.61 Then by Proposition 16.31 there is t > 0 such that 
after decomposing M = and conjugating by a unitary, we have C Mi. Set 

p = (AT*)' n Mj = Qi/i n Mj so that Mi = 0 P. If P is type In for some n, it follows 
that Mj = and Mi = and the proof is done. Otherwise, P is type IIi and by 

the inductive hypothesis, there is a partition In \J Ip = {1,... ,k} \ {i} and s > 0 such that 
Ai** = M/j^ and P^/* = M/^ modulo unitary conjugation. Then since = (Ai**)' n M = 

Mj^ n Af = Mi 0 M/p, setting Iq = Ip Li {i} concludes the proof of (1). 

We also prove (2) by induction on k. The case k = 1 follows immediately from the prime¬ 
ness of Ml. For k > 2, we apply (1) with N = Pi 0 • • • 0Pm-i and Q = Pm, to find a 
partition In D Iq = {1,..., k}, t > 0 such that after conjugating by a unitary in M we have 

Pi* 0 • • • ® Pm_i = Mij^ and pU^ = M/g. Then m — 1 > \In\ so we apply the inductive 
hypothesis to conclude that \In\ = m — 1 and find si,..., s^-i with siS 2 • • • Sm-i = 1 such 
that after reordering and unitary conjugation (in Ai*) we have Mj = P^*** for 1 < i < m — 1. 
But 

m> k = l/jvl + |/q| = m - 1 + \Iq\ \Iq\ = 1 and m = k, (6.14) 

so setting tm = ^/t and tj = tsi for 1 < z < m — 1 finishes the proof of (2). 

For (3), we proceed just as for (2), except that we replace (I6.14M bv the observation that 
Pm^ = M/g implies \Iq\ = 1 when Pm is assumed to be prime. 

□ 
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6.3. Unique Prime Factorization for Equivalence Relations. In order to deduce The¬ 
orem m from Theorem 16.41 we prove the following proposition: 

Proposition [Cl Let TZ he a strongly ergodic countable pmp equivalence relation whieh is 
nonamenable and admits an unbounded 1 -cocycle into a mixing orthogonal representation 
weakly eontained in the regular representation. Then L(TZ) is prime and does not have property 
Gamma. 


Proof. That M = L{TZ) is prime is simply a special case of Theorem Again, consider the 
s-malleable deformation M C M, {otligR C Aut(M) constructed in Section 01 and suppose 
toward a contradiction that M has property Gamma. Then there is a sequence {un} £ U{M) 
with T{un) = 0 for all n and \\unX — xun \\2 —>■ 0 as n —oo for each x € M. Then for any 
u G A/’m(A) we have 

\\uEA{Un)u* - E^(u„)||2 = \\PA{uUnU*) - EA{Un)\\2 < \\uUnU* - Unh 0 aS U ^ OO 


Since the sequence EA{un) is bounded in norm and M = , it follows that ||xE^(rtn) — 

EA{un)x \\2 —>• 0 for each x G M. Since TZ is strongly ergodic, it follows that ||E^(m „)||2 = 
\\EAiun) - r(EA(ttn ))||2 ^ 0 as n ^ oo. 

Eix any g G [TZ] with g^ = e. Note Zg = EA{ug) is a projection given by Zg = l{sgX:gs=s} = 
Zg-i. Moreover, u*gEA{ug) € A' (1 M = A => u*gZg = EA{u*gZg) = EA{u*g)zg = Zg. Hence 

\\EA{UnU*g)Zg\\2 = \\EA{UnU*gZg)\\2 = \\EA{Un)Zg\\2 < \\EA{Un)\\2 0 aS U ^ OO (6.15) 

Moreover, since 1 — Zg = l{sgX:gs^s}) nonzero z < 1 — Zg with UgZU*g = z, we can find 

nonzero z' < z such that Ugz'u* < z — z' (if not we would have Ugz'u*g = z' for all z' < z and 
then z < Zg). Then because g^ = e, it follows that we can find a projection z G A such that 
1 — Zc, = z -|- UgZUg, so that 

\\EA{UnUl){l - Zg)\\l = \\EA{UnU*){z + UgZU*g)\\l 

= \\EA{UnU*g)z\\l + \\EA{UnU*g)UgZU*g\\l 

= \\EA{UnU*g){z - UgZU*g)\\l = \\zEA{UnU*g) - EA{UnU*gUgZU*g)\\l 

= \\EA{zUnU*g — UnZU*g)\\\ < \\zUn — Unz ||2 —S' 0 as n ^ oo. (6.16) 

Combining (I6.15pi and (j6.16pi we see that ||E^(unnp ||2 —>• 0 as n ^ oo for each g G [TZ] with 
g^ = e. By Feldman and Moore |FM75aj . we know that {x,y) G 77. if and only y = gx for 
some g G [77] with g^ = e, so that L{TZ) = {aug : a G A, g £ [TZ],g^ = e}” . It therefore follows 
that ]]EA{xUny )]]2 — >■ 0 as n — )• oo for any x,y G M. 

From the proof of Theorem lAl we know that mL‘^{M) © LP‘{M)m is mixing relative to A, 
so this implies that {undt{x), 5t{x)un) —0 as n — )• oo for each x G M. We also know that 
at id is not uniform on (M)i, and hence by part (1) of Lemma 13.11 there is e > 0 and 
sequences {xk} C (M)i, {t^,} C M, —>■ 0, such that ]] 6 t,.{xk )]]2 > e for all k. Then using 
Lemma l3.ll for any k we get 


< ¥tk{xk )\\2 = liminf 


oil [Un, {Xk)]]]l + Re{Undt^ {Xk)Un 


< -liminf [2||Q:t (u^) - Unh + \\[un,Xk]\\ 2 f < Slim inf ]] 6 t./ 2 iun)\\l 

Z n^oo n—^oo 

Thus setting Sk = y fo^ each k we can find Uk > k such that ||5sj,(unj,)||2 > Then using 
Lemma l3.II again, for any x G M, 


\\[dsk{unk),x ]]]2 < 2]]as^{x) - x ]]2 + ||[iinfc,a:]||2 -S' 0 as /c oo. 
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Since we also have \\x 6 ti^/ 2 {un ^)\\2 < lla^lb for all k, we apply Lemma 12.31 to find that 
mL‘^{M)m -< © L‘^{M)m- But since we know from the proof of Theorem Rl that 

0 L'^{M)m -< 0 L‘^{M)m, this implies that M is amenable, a contradic¬ 
tion. □ 

Combining Theorem 16.41 with Proposition O and the proof of Theorem Kl we get Theorem 
[Pl immediately. We prove Corollary lEl below: 

Proof of Corollary fS For (1), let Ai C L{TZi) and Bi C L{Si) denote the canonical Car- 
tan algebras of the factors. By |FM75b] . the hypothesis leads to a normal ^-isomorphism 
M = L(77i) © L(772) © ... ©L(77fc) = L(S'i) © L(S' 2 ) which identifies Ai®A 2 ® ■■■ ® A^ = 
Bi©i? 2 . Applying Theorem iDl we find t > 0, u E U{M), and an integer 1 < m < k 
such that after reordering the indices we have uL{SiYu* = L(77i) © L(772) © ... ®L{JZm) 
and uL{S 2 Y^^u* = L{TZrn+i) © L{T^m+ 2 ) © ... © L{TZk)- Setting A = Ai © • • • © Ak, we have 
uB\u* -<M A (as u*{uB\u*)u C A) which implies that uB^u* -<uL{SiYu* © • • • ©^m- In¬ 
deed, if there were {un} C U{uB\u*) with ||E^^^...^^^(a:u„y )||2 ^ 0 for all x, y E uL(5i)*m*, 
one can check that it would give ||Eu(xUny )||2 —t 0 for all x, y E M as well. Then since uB\u* 
and Ai © • • • © are both Cartan subalgebras of uL{SiYu*, we know as in |Po01] that there 
is vi E V({uL{SiYu*) such that viuBlu*vl = Ai © • • • 0 Am- Thus ad viu is an isomorphism 
of L{Si) = L{SiY onto L{Tli x 77-2 x • • • x TZm) which identihes B{ and Ai © • • • © A^- A 
second application of |EM75b] then gives 5^ = 77i x 77-2 x • • • x TZm- Similarly, one identifies 

7^2and A^-i-i © • • • © A*, to conclude that = TZm+i x • • • x TZk- 

We prove (2) by induction on k- The case k = 1 follows immediately from Theorem |Al 
For k > 2, we apply (1) to hnd t > 0 and an integer 1 < j < k such that after reordering 

indices, 5^ x • • • x Sm-i — TZi x • • • x 77j and S'm* — 77j-|_i x • • • x TZk- Then m — 1 > j 

so we apply the inductive hypothesis to conclude that j = m — 1 and find si,..., Sm-i with 
S 1 S 2 • • • Sm-i = 1 such that after reordering we have 77j = for 1 < i < m — 1- Finally, we 

have 0 < k — j < m — {m — 1) = 1, and so A: = y -|- 1, m = A:, and S'm* — TZm- Cl 

7. Application to Measure Equivalent Groups 

The tools developed in the previous sections lend themselves easily to the measure equiva¬ 
lence of groups, a notion hrst introduced by Gromov |Gr91] . Countable groups Fi and F 2 are 

called measure equivalent (ME), written Fi F 2 , if there is a Lebesgue measure space (T, v) 
and commuting free measure preserving actions Fj r\ {Y,v), i E {1,2}, which each admit a 
finite measure fundamental domain. 

Measure equivalence is closely related to stable orbit equivalence. Recall that two prob¬ 
ability measure preserving actions Fj r\ (Ai,/rj), i E {1,2}, on standard probability spaces 
are stably orbit equivalent (SOE) if for each i E {1,2} we can choose a measurable 
subset Ei C Xi meeting the orbit of a.e. x E Xj, such that the restricted equivalence relations 
are isomorphic, i.e. 77i|£;^ = 772 |_e 2 where 77j = 77(Fj rv Xi) for i E {1,2}. Then F ^ A if 
and only if F and A admit SOE free actions. This equivalence was proved by Furman in [Fu99] 
where it is attributed to Zimmer and Gromov, and the form stated here (that the actions can 
be taken to be free) was proved in |Ga00| . 

Gaboriau showed in |Ga02] that measure equivalent groups have proportional Betti 

numbers, i.e., if F ^ A there is A > 0 such that /3n(r) = A/3n(A) for all n. In particular, if 
/3i(F) > 0 then F cannot be measure equivalent to a product of infinite groups (as /3i = 0 for a 
product of infinite groups). The following theorem strengthens this conclusion since we know 
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from |PT07] that if /?i(r) > 0 then T is nonamenable and admits an unbounded 1-cocycle for 
the left regular representation (which is mixing). 

Theorem |F1 Let T be a countable nonamenable group which admits an unbounded 1-cocycle 
into a mixing orthogonal representation weakly contained in the left regular representation. 
Then T ^ Pi x r 2 for any infinite groups ri,r 2 - 

Proof Suppose that P ^ Pi x P 2 for groups Pi,P 2 - Then there are SOE free actions P r\ 
and Pi X P 2 rA {Y,n). Letting TZ = TZfT r\ X) and TZ' = TZiVi x P 2 rA Y), this means 
there are measurable E C X, F C Y meeting a.e. orbit and such that TZ\e = TZ'\f- We may 
assume that TZ and TZ' are ergodic, since if not, we replace /u|e = vIf by a measure in the 
ergodic decomposition of TZ\f = TZ'\f and then extend this measure to jl on X and D on Y 
using the fact that E <Z X, F <Z Y meet a.e. orbit. Then for ti = p-{E), t2 = i^{E), we have 
^ and hence ^ 7 ^', 

Set t = ti/t2, M = L(77.*), and let {Xt,fit) denote the underlying probability space of 77.*. 
Since P rA X is free, we see from (12.7j) I that TZ admits an unbounded 1-cocycle b into a mixing 
orthogonal representation tt weakly contained in the regular representation. Let vr* and b' 
be the amplifications as in (j2.injll Then, as in Section HJ we construct from tt* and 6 * an 
imbedding M <Z M and s-malleable deformation C Aut(M), /3 E Aut(M). As in the 

proof of Theorem El we know that Lp‘{M) © is weakly contained in the coarse M-M 

bimodule and mixing relative to the abelian subalgebra A = L°°(Xt). Thus M satisfies the 
assumptions of Theorem 13.21 and we need only modify its proof slightly. 

We know that TZ (and hence 77.*) is nonamenable since P is nonamenable and P rv- X is free. 
It follows that either Pi or P 2 must be nonamenable, so assume without loss of generality 
that P 2 is nonamenable. Since 77.* = 77.*, we have an isomorphism M = L°°{Y) x (Pi x P 2 ) 
which identifies A = L°°(Xt) and L°°(Y). We therefore consider the commuting subalgebras 
L(Pi), L(P 2 ) C M. Then just as in the proof of Theorem l3.2l we must have as —)• id uniformly 
in II • II 2 on the unit ball of L(Pi), since otherwise we would have 

^ ^ L(r 2 )-^^^(-^(r 2 )) © T^(T(P 2 ))L(r 2 ) 


contradicting the nonamenability of P 2 . 

Assuming toward a contradiction that Pi is also infinite, take a sequence {ug„}^i C Pi. 
From the freeness of the action it follows that lim^^oo \\YA{xUg^y )\\2 = 0 for each x,y £ M. 

Then just as in ( 3.11)1 combining the sequence {ug^} with the mixingness of LF‘{M^) 0 
relative to A gives q;<j —)• id uniformly in || • II 2 on the unit ball of L(P 2 ). 

Therefore for any e > 0, we can find sq > 0 such that for |s| < sq we have ||as(a^) — 3:||2 < | 
for all X E L(Pi) U L(P 2 ) with ||x|| < 1. Then for |s| < sq, the || • || 2 -closed convex hull Kg of 
the set {as{ug)as{uh)u*gU*f^ : g E Pi,h E P 2 } has a unique element ks E Kg of minimal || • II 2 
satisfying — 1|| < |. 

For a E U{A) and {g,h) E Pi x P 2 using the facts that 0 ^( 0 ) = a, [ug,Uh] = 0 and 
Ug,Uh E Mm{X), one can check that as{aUgUh)Ks{aUgUh)* = Kg. From the uniqueness of kg 
it then follows that as{aUgUh)kg{aUgUh)* = kg and hence ag{x)kg = kgX for all x E M. Then 


0 ^( 3 ;) - a:||2 < ||as(x) - as{x)kg\\2 + \\kgX - x\\2 < 2\\kg - 1||2 < e 


for all X E (M)i, |s| < sq- Thus ag 
edness of 6* just as in (|5.3pi 


id uniformly on (M)i 


which contradicts the unbound- 

□ 
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